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013.04.0Abstract The attitude control problem of a spacecraft underactuated by two single-gimbal control
moment gyros (SGCMGs) is investigated. Small-time local controllability (STLC) of the attitude
dynamics of the spacecraft-SGCMGs system is analyzed via nonlinear controllability theory. The
conditions that guarantee STLC of the spacecraft attitude by two non-coaxial SGCMGs are
obtained with the momentum of the SGCMGs as inputs, implying that the spacecraft attitude is
STLC when the total angular momentum of the whole system is zero. Moreover, our results indi-
cate that under the zero-momentum restriction, full attitude stabilization is possible for a spacecraft
using two non-coaxial SGCMGs. For the case of two coaxial SGCMGs, the STLC property of the
spacecraft cannot be determined. In this case, an improvement to the previous full attitude stabiliz-
ing control law, which requires zero-momentum presumption, is proposed to account for the singu-
larity of SGCMGs and enhance the steady state performance. Numerical simulation results
demonstrate the effectiveness and advantages of the new control law.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.
Open access under CC BY-NC-ND license.1. Introduction
There is a signiﬁcant interest in the attitude control problem of
an underactuated rigid spacecraft, for which less than three
control torques are available, in contrast to the fully actuated
spacecraft.1 The research to this problem will not only provide
a fail-operation mode, but also have a signiﬁcant meaning in
improving reliability of attitude control systems, simplifying82339750.
(Haichao Gui), jinleibuaa@
Xu).
orial Committe of CJA.
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42collocation of actuators, decreasing cost, economizing energy,
and so on.
In contrast with fully actuated spacecraft, insufﬁciency of
controls may destroy the controllability of spacecraft attitude,
that is, the possibility of transferring one motion state of
spacecraft attitude to another by a suitable control input. In
Refs.2–4, global controllability and small-time local controlla-
bility (STLC) of a rigid body underactuated by one or two
thruster torques, as foundations for many speciﬁc control
strategies (see, e.g., Refs.5,6 and references therein), have al-
ready been sufﬁciently studied. Although the entire state space
of the spacecraft attitude is uncontrollable for a spacecraft
carrying fewer than three momentum exchange devices, con-
trollability may exist in a reduced state space. Such cases for
a two-wheeled spacecraft have been studied in Refs.7,8. Under
the zero-momentum restriction, different kinds of control
methods have been constructed to detumble and reorientateSAA & BUAA. Open access under CC BY-NC-ND license.
Fig. 1 Gimbal frame of the ith SGCMG.
Local controllability and stabilization of spacecraft attitude by two single-gimbal control moment gyros 1219a spacecraft by two reaction wheels.9,10 Single-gimbal control
moment gyro (SGCMG) is another important type of
momentum exchange device, which is especially effective in
actuating space stations and small agile satellites. Bhat and
Tiwari11 suggested that the combined dynamics of a space-
craft with n> 0 SGCMGs are globally controllable on a re-
duced conﬁguration manifold despite the presence of
singularities of the SGCMG array.12–14 For a spacecraft
with two orthogonally installed SGCMGs, Ref.15 provided
a condition to determine STLC of the spacecraft attitude.
However, the STLC property of a spacecraft carrying two
arbitrarily installed SGCMGs remains unknown. Compared
to the case of a spacecraft underactuated by thrusters and
reaction wheels, the attitude control problem of a spacecraft
with two SGCMGs is more difﬁcult attributing to the exis-
tence of SGCMG singularities. Moreover, full attitude sta-
bilization has only been addressed in cases of two
coaxially arranged SGCMGs under the zero-momentum
restriction16,17 and the full attitude stabilization problem in
case of two non-coaxial SGCMGs is still unsolved. Han
and Pechev18 derived a dissipative controller for an underac-
tuated spacecraft equipped with two coaxial SGCMGs to
surmount disturbances, whereas the singularities of the two
SGCMGs were not considered. Kwon et al.19 provided a no-
vel one-step control law to realize the pointing control of a
spacecraft with two coaxial SGCMGs by linear parameter
varying (LPV) control theory. Meng and Matunaga20 pro-
posed a failure-tolerant attitude control strategy for a space-
craft actuated by SGCMGs and magnetic torquers.
In this paper, the attitude control problem of a spacecraft
actuated by two arbitrarily arranged SGCMGs is revisited.
Firstly, STLC of the attitude dynamics of a spacecraft-
CMG system is further investigated via nonlinear controlla-
bility theory, mainly aiming to ﬁnd whether it is possible to
achieve full attitude stabilization by two non-coaxial
SGCMGs. Speciﬁcally speaking, a principle to determine
STLC of the attitude dynamics of a spacecraft carrying an
array of n SGCMGs at an equilibrium point is derived ﬁrst,
which indicates a close relationship between the STLC prop-
erty and the momentum volume (MV) of the SGCMG ar-
ray. This principle is then employed to the case of two
non-coaxial SGCMGs via a geometric analysis of the corre-
sponding MV, yielding results which include that of Ref.15
as a special situation. Moreover, these results imply that
the attitude dynamics of a spacecraft carrying two non-coax-
ial SGCMGs is STLC when the total angular momentum of
the spacecraft-CMG system is zero. Considering the rela-
tionship between STLC and local stabilization of nonlinear
systems,21 our results indicate that under the zero-momen-
tum restriction, full attitude stabilization is possible for a
spacecraft using two non-coaxial SGCMGs. However, for
the cases of two coaxial SGCMGs, STLC of the spacecraft
attitude cannot be determined. Despite of this fact, we
provide an additional steady state control law (SSCL) to
tackle the SGCMG singularities and enhance the steady
state performance of the full attitude stabilizing controller
in Ref.17.
Finally, simulation is conducted to compare the perfor-
mances of the full attitude stabilization control law (FASCL)
alone and the stabilization control algorithm combined with
the SSCL. The simulation results validate the effectiveness
and advantage of the SSCL.2. Modeling
2.1. Attitude kinematics on SO(3)
The set SO(3) of 3 · 3 rotation matrices is a three-dimensional
Lie group. Denote TASO(3) as the tangent space of SO(3) at
A 2 SO(3). Lie algebra of SO(3), also the tangent space at
the identity I 2 SO(3), is the set of 3 · 3 skew-symmetric matri-
ces so(3). SO(3) is utilized to parameterize the spacecraft atti-
tude because it is unique and can facilitate the analysis of
STLC for all attitude conﬁgurations. Describe the spacecraft
attitude by A, which maps the body components of a vector
to its inertial components, and the corresponding kinematic
equation can be expressed as
_A ¼ ASðxÞ ð1Þ
where x denotes the body components of the angular velocity
of a spacecraft with respect to the inertial frame and S(Æ) is a
linear isomorphism from R3 to so(3). For a= [a1 a2 a3]
T 2 R3,
SðaÞ ¼
0 a3 a2
a3 0 a1
a2 a1 0
2
64
3
75 ð2Þ
Then, for "a, b 2 R3, we have S(a)b= a · b, where ‘‘·’’ repre-
sents the cross product on R3. Additionally, let i Æ i denote the
Euclidean norm on Rn.
2.2. Dynamics of a spacecraft with SGCMGs
Consider a rigid spacecraft carrying an array of n SGCMGs. As
depicted in Fig. 1, let {b1, b2, b3} denote the body frame of the
spacecraft. Let {gi, si, ti} denote the gimbal frame of the ith
SGCMG, of which gi is the unit vector along the gimbal axis,
si the unit vector along the spin axis, and ti = gi · si the unit vec-
tor along the reverse direction of the output torque. Let didenote
the gimbal angle of the ith CMG and _di its gimbal rate.
Suppose the magnitude of the angular momentum of each
SGCMG is h0. The angular momentum vector of the system
with respect to the inertial frame can be expressed in the body
frame as
hsc ¼ Jxþ h1 þ h2    þ hn ¼ Jxþ h0
Xn
i¼1
siðdiÞ ð3Þ
where J is the inertia matrix of the whole spacecraft-SGCMGs
system, hi (i= 1,2, . . .,n) the angular momentum of the ith
1220 H. Gui et al.SGCMG; si(di) = si0cosdi + ti0sindi, in which si0 = [si1 si2 si3]
T
and ti0 = [ti1 ti2 ti3]
T, representing the initial directions of si
and ti, are constant vectors expressed in the body frame. De-
note h= h1 + h2 +   + hn as the angular momentum of
the SGCMG array. The angular momentum caused by gimbal
motion is assumed to be negligible in Eq. (3).
Without external torques acting on the spacecraft, applying
the standard Euler theorems to Eq. (3) yields the attitude dy-
namic equations of the spacecraft:
J _x ¼ x ðJxþ hÞ  h0C _d ð4Þ
where d= [d1 d2    dn]T 2 Rn is the vector of gimbal angles and
C= [t1 t2    tn]. In deriving Eq. (4), the variation of J caused by
gimbal rates is supposed to be negligible. Usually, s :¼ h0C _d is
deﬁned as the control torque produced by the SGCMG array.
One needs to solve _d from s during the controller design. How-
ever, it is impossible to solve _d when certain gimbal conﬁgura-
tions degrade the rank of C, which is called singularity.12–14
Physically speaking, singularity occurs when the torque vector
generated by each SGCMG is perpendicular to the direction
of the desired control torque. Many steering laws for SGCMG
arrays are proposed to solve this problem; however, none of
them can completely avoid the elliptic singularities while pro-
ducing precise control torques along the singular direction.14
As in Ref.15, by treating h as control input the system can
be expressed in a kinematic form on SO(3) instead of the
dynamic form represented by Eqs. (3) and (4). Let l, a con-
stant vector, denote the inertial components of the angular
momentum of the system. Then, solving x from Eq. (3), substi-
tuting it into Eq. (1), and noting hsc = A
Tl, we get
_A ¼ ASðJ1ðATl hÞÞ ð5Þ
In order to use the STLC results described in Section 3, we
now transform Eq. (5) into a control afﬁne form by denoting
hðdÞ ¼ h0
Xn
i¼1
siðdiÞ ¼ u1b1 þ u2b2 þ u3b3 ð6Þ
where uj (j= 1, 2, 3) is control input. A simple computation
shows that uj has the following form:
uj ¼ h0
Xn
i¼1
ðsij cos di þ tij sin diÞ ðj ¼ 1; 2; 3Þ ð7Þ
Substituting Eq. (6) into Eq. (5) yields
_A ¼ ASðJ1ATlÞ 
X3
i¼1
uiASðJ1biÞ ð8Þ
Since the MV of the SGCMG array is deﬁned as
Hn: = {h(d)Œd 2 Rn}, Eq. (7) implies that the control set
formed by u= [u1 u2 u3]
T in Eq. (8) is equivalent to Hn.
3. STLC property analysis
3.1. STLC of nonlinear systems
Before analyzing STLC of Eq. (8), some formal deﬁnitions and
certain useful criteria need to be speciﬁed ﬁrst. Let M be an n-
dimensional analytic manifold and consider a general nonlin-
ear control system as follows:
_x ¼ fðx; uÞ ¼ f 0ðxÞ þ
Xm
i¼1
uif iðxÞ; ðx 2MÞ ð9Þwhere the drift vector ﬁeld, f0, and the control vector ﬁelds, f1,
f2, . . ., fm, are all real analytic. Denote F :¼ ff 0; f 1;    ; f mg.
The admissible control, u= [u1 u2    um]T:[0,T]ﬁ U  Rm, is
a Lebesgue integrable function.21
Let R(x, t) denote the set of reachable states from x 2M at
time t for system (9). Then system (9) is said to be STLC
at x if there exists T> 0 so that x 2 int([t6TR(x, t)), where
int(Æ) denotes the interior of a set. Consider system (9) and
denote
VðxÞ ¼ f 0ðxÞ þ
Xm
i¼1
ui f iðxÞju 2 U
( )
 TxM ð10Þ
where TxM denotes the tangent space at x 2M. Let
convðVðxÞÞ denote the convex hull of VðxÞ. Now we can state
the following theorem by Sussmann.22
Theorem 1. Let x 2M. System (9) is
(1) STLC at x, if 0 2 intðconvðVðxÞÞÞ;
(2) not STLC at x, if 0 R convðVðxÞÞ.
Note that (1) of Theorem 1 implies that if system (9) is
STLC at x, then x must be the controlled equilibrium, i.e.,
f(x,u) = 0.3.2. The case of n SGCMGs
Firstly, we present a generic result on the STLC of Eq. (8).
Applying Eq. (10) to Eq. (8), we obtain
VnðAÞ ¼ ASðJ1ðATlHnÞÞ ð11Þ
Then we have one of our main results:
Proposition 1. The n-SGCMG control system represented by
Eq. (8) is
(1) STLC at A 2 SO(3), if ATl 2 int(conv(Hn)) and
ATl= h.
(2) not STLC at A 2 SO(3), if ATl R conv(Hn).
Proof
(1) It follows from ATl= h that A is an equilibrium of sys-
tem (8). By Theorem 1, we only need to verify that
0 2 intðconvðVnðAÞÞÞ. Now the three properties
described in Ref.15, concerning the commutativity
between the linear map and the operators int(Æ) and
conv(Æ), will be exploited. Since A, S(Æ), and J1 are
all invertible linear maps, it follows that 0 2
intðconvðVnðAÞÞÞ () 0 2 intðconvðATl HnÞÞ by
employing Lemmas 3.2 and 3.3 in Ref.15 to Eq. (11).
By Lemma 3.1 in Ref.15 we can further obtain
0 2 intðconvðVnðAÞÞÞ () ATl 2 intðconvðHnÞÞ. There-
fore, the result follows from Theorem 1.
(2) From Lemmas 3.1 and 3.2 in Ref.15, we can also
obtain 0 2 convðVnðAÞÞ () ATl 2 convðHnÞ. Hence
ATl R conv(Hn) implies 0 R convðVnðAÞÞ. The result fol-
lows from Theorem 1.
Local controllability and stabilization of spacecraft attitude by two single-gimbal control moment gyros 1221Remark 1. Note that int(Æ) in Proposition 1 means the interior
relative to the topology on R3. The result above is comprehen-
sible: ATl 2 int(conv(Hn)) indicates that the angular momen-
tum of the system is completely under the control capacity
of the SGCMG array, and thus the spacecraft attitude can
be steered to any direction in small time; contrarily,
ATl R conv(Hn) implies the drift vector ﬁeld driven by the
angular momentum of the system dominates the controls,
and hence the spacecraft attitude essentially moves in the direc-
tion speciﬁed by l.
Under certain circumstances, Proposition 1 can be special-
ized into the following proposition:
Proposition 2. The n-SGCMG control system represented by
Eq. (8) is
(1) STLC at A 2 SO(3), if ATl 2 int(Hn) and ATl= h.
(2) STLC at A 2 SO(3), if conv(Hn) contains a sphere of
radius larger than ili and ATl= h.
Proof
(1) Since ATl 2 int(Hn)  int( conv(Hn)), the result follows
directly from Proposition 1.
(2) Since conv(Hn) contains a sphere with radius larger than
ili, then iATli = ili implies ATl 2 int( conv(Hn)). The
result follows again by resorting to Proposition 1.3.3. The case of two SGCMGs
Next, let n= 2 in Eq. (8), i.e., only two SGCMGs are avail-
able, and let b be the angle between the two gimbal axes as
shown in Fig. 2.
Suppose that s10 = s20 = [1 0 0]
T, t10 = [0 1 0]
T, and
t20 = [0 cos b  sin b]T, and then by Eq. (7) we have
u ¼
u1
u2
u3
2
64
3
75 ¼ h0
cos d1 þ cos d2
sin d1 þ sin d2 cosb
 sin d2 sinb
2
64
3
75 ð12Þ
where u 2 H2.
Now we can present the following lemma characterizing a
geometric property of H2.
Lemma 1. The convex hull of H2, i.e., conv(H2), contains a
sphere of radius h0sinb centered at 0 2 R3 if b „ 0.Fig. 2 Schematic of the arrangement of two SGCMGs.Proof. From Eq. (12) we have
ðu1  h0 cos d1Þ2 þ ðu2  h0 sin d1Þ2 þ u23 ¼ h20 ð13aÞ
ðu2  h0 sin d1Þ sinbþ u3 cos b ¼ 0 ð13bÞ
It can be seen from Eq. (13) that, for every ﬁxed d1, u 2 H2 is a
circle from the intersection of a sphere of radius h0 centered at
(h0cosd1,h0sind1,0) with a plane perpendicular to the vector
v= [0 sinb cosb]T and passing through the sphere center.
When d1 takes p/2 and 3p/2 in Eq. (13a), we will get two circles
of radius h0 centered at (0,h0,0) and (0,h0,0), respectively.
The distance between these two centers is 2h0 and both circular
planes are perpendicular to v. As depicted in Fig. 3, simple geo-
metric analysis shows that conv(H2) contains a sphere of
radius h0sinb centered at 0 2 R3 if b „ 0.
Then we can prove the following result:
Proposition 3. When b „ 0 and n = 2, the two-SGCMG control
system represented by Eq. (8) is
(1) STLC at A 2 SO(3), if ili < h0 sinb and ATl= h.
(2) not STLC for all A, if ili > 2h0.
Proof
(1) The result follows directly from Lemma 1 and Proposi-
tion 1.
(2) To prove the result, we ﬁrst assert that the maximum
Euclidean norm of the vectors in conv(H2) is g= 2h0,
the proof of which is shown in Appendix A. Noting
iATli = ili > g= 2h0, the result now follows from
Proposition 2.
Remark 2. If h0 = 1 and b= p/2, Proposition 3 entirely coin-
cides with the result in Ref.15. If b= 0, H2 degrades into a cir-
cular plate, containing no interior point in R3, and therefore
Theorem 1 fails to determine the STLC of Eq. (8) when
h 2 conv(H2). Even so, with two coaxial SGCMGs, the space-
craft attitude is small-time locally controllable in the zero-
momentum case if we neglect the singularity of two coaxial
SGCMGs, that is, assuming that two independent control tor-
ques can always be generated by two coaxial SGCMGs. This
conclusion can be directly proved as the case for two momen-
tum wheels in Ref.7. In Section 4, the full attitude stabilizationFig. 3 Sphere contained in the convex hull of H2.
1222 H. Gui et al.law is ﬁrst derived by ignoring the singularity of SGCMGs,
and then enhanced by adding a steady-state controller to
account for the contradiction between stabilization of space-
craft attitude and singularity of two coaxial SGCMGs.
Note that STLC of a real analytic system at any equilibrium
guarantees the existence of a piecewise continuous feedback
control asymptotically stabilizing the system to that equilib-
rium.21 Consequently, Propositions 1, 2, and 3 imply that
stabilization of the attitude of a spacecraft with two non-
coaxial SGCMGs is realizable under certain conditions (e.g.,
ili < h0sinb or ATl 2 int(Hn)) when the attitude dynamics are
STLC at the equilibrium attitude. This conclusion exists for a
spacecraft carrying two SGCMGs arbitrarily arranged with
any nonzero skew angle. It explains in a theoretical point of
view that why stabilization of the attitude of a spacecraft using
two non-coaxial SGCMGs to a rest state can be achieved as in
Ref.17. Moreover, it can be seen from hsc = A
Tl that no
constraint is imposed on the spacecraft attitude if the angular
momentum of the system is zero, i.e., l= 0, and STLC is
guaranteed by Proposition 3, in this case. Therefore, under the
zero-momentum restriction full attitude stabilization is possi-
ble for a spacecraft using two non-coaxial SGCMGs. The fact
that h changes in a three-dimensional space, however, makes it
rather difﬁcult to derive a control law to stabilize the attitude
of the spacecraft. Thus, the stabilization law design in Section 4
only focuses on the case of two coaxially installed SGCMGs.4. Attitude stabilization using the steady state control law
Although the STLC property of a spacecraft using two coaxial
SGCMGs cannot be determined here, some efforts have been
devoted to, under the zero-momentum presumption, achieve
attitude stabilization in this case.16,17 However, the main prob-
lem shared by Refs.16,17 is that the two SGCMGs approach a
singular state while the attitude error converges to zero. As a
result, frequent switches between the attitude stabilization con-
trol law and the singularity avoidance logic yield quiver of the
gimbal rates, strongly affecting the steady state performance of
the system. To solve this problem, a new steady-state control-
ler is derived in the following. Moreover, the condition to ex-
clude the singularity in the stabilizing control law in Ref.17
is provided.
4.1. Full attitude stabilization control law (FASCL)
Assume that two gimbal axes are coaxially installed, i.e., b= 0
in Fig. 2, and s10 = s20 = [1 0 0]
T. Supposing the three axes of
the body frame are aligned with the three inertial principal
axes of a spacecraft, then J= diag(J1, J2, J3). If the total sys-
tem angular momentum is zero, Eq. (3) can be rewritten as
J1x1 þ h0 cos d1 þ h0 cos d2 ¼ 0
J2x2 þ h0 sin d1 þ h0 sin d2 ¼ 0
J3x3 ¼ 0
8><
>: ð14Þ
which implies x3 = 0.
Although rotation matrices are convenient for STLC anal-
ysis to all attitude conﬁgurations, they are not suitable for de-
sign of an attitude control law. To facilitate the controller
design, the Rodriguez parameters are also adopted here asq ¼ q1 q2 q3½ T ¼ e tan
u
2
ð15Þ
where e is the unit vector of the Euler axis and u the rotational
angle about e. Then, the corresponding kinematic equation can
now be written as
_q1
_q2
_q3
2
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75 ¼ 1
2
1þ q21 q1q2  q3
q3 þ q1q2 1þ q22
q1q3  q2 q1 þ q2q3
2
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3
75 x1
x2
 
ð16Þ
As in Ref.17, the desired angular velocity components x1d and
x2d, which stabilize Eq. (16) to zero equilibrium, can be chosen
as
x1d
x2d
 
¼ 2
qs
1þ q22 q3  q1q2
1þ q21 q3  q1q2
 
u1
u2
 
ð17Þ
where qs ¼ 1þ q21 þ q22 þ q23 and
u1
u2
 
¼ k q1
q2
 
þ gq3
q21 þ q22
q2
q1
 
ð18Þ
where k and g are two positive constants.
The proof of the asymptotical stability of Eq. (16) by the
control law Eqs. (17) and (18) can be found in Ref.17. It can
be seen from Eq. (18) that u1 and u2 become singular when
q1 = q2 = 0. However, we can further prove that, k and g
can be chosen appropriately so that q3=ðq21 þ q22Þ ! 0 if the ini-
tial states satisfy q21ð0Þ þ q22ð0Þ–0. To see this, let us deﬁne a
nonnegative scalar function
V0 ¼ q23= 2 q21 þ q22
 2h i ð19Þ
Calculating the time derivative of V0 along Eqs. (16)–(18)
yields
_V0 ¼ ð2k gÞq23= q21 þ q22
 2 ð20Þ
Since q21ð0Þ þ q22ð0Þ–0, it follows from Eqs. (19) and (20) that
V0ﬁ 0, i.e., q3=ðq21 þ q22Þ ! 0, if g> 2k. On the other hand,
to overcome the discontinuous problem when q1(0) =
q2(0) = 0, Eq. (18) is rewritten as
u1
u2
 
¼ k q1
q2
 
þ g satðus1; aÞsatðus2; aÞ
 
ð21Þ
where us1 ¼ q2q3=ðq21 þ q22Þ; us2 ¼ q1q3=ðq21 þ q22Þ, and
satðx; aÞ ¼
x; a 6 x 6 a
a; x > a
a; x < a
8><
>: ð22Þ
where a is an appropriate positive constant.
The angular velocity tracking law can be taken as
_xi ¼ kiðxid  xiÞ; ði ¼ 1; 2Þ ð23Þ
where x1 and x2 denote the actual angular velocity compo-
nents, and k1 and k2 are positive constants.
Denote
D ¼ sin d1 sin d2 cos d1  cos d2
 
ð24Þ
the singular value decomposition (SVD) of which can be
written as
D ¼ USVT ð25Þ
Local controllability and stabilization of spacecraft attitude by two single-gimbal control moment gyros 1223where U and V are unitary matrices and S= diag(r1,r2) with
r1 and r2 being the singular values of matrix D. Then, accord-
ing to Eqs. (4) and (14), the command gimbal rates can be
obtained by the SVD method:
_d1
_d2
" #
¼ 1
h0
D1s
J1 _x1
J2 _x2
 
ð26Þ
D1s ¼ VS1c UT ð27Þ
where S1c ¼ diagð1=r1; 1=ðr2 þ cÞÞ and
c ¼ 0; D > D0
kDðD0 DÞ2; D 6 D0

ð28Þ
in which D= det(DDT) is deﬁned as the index of singularity,
D0 a positive threshold, and kD a positive constant.
4.2. Steady state control law (SSCL)
Given the zero-momentum assumption, at the system equilib-
rium the angular momentum vectors of two SGCMGs will lie
in opposite directions, i.e., the SGCMGs will become singular.
If the stabilization control law and steering law in Section 4.1
are implemented, oscillation of the commanded gimbal rates
will occur in the steady state due to frequent switches between
the attitude stabilization control law and the singularity avoid-
ance logic. In order to overcome this deﬁciency, two unit vec-
tors as shown in Fig. 4 are deﬁned ﬁrst:
n ¼ h1  h2kh1  h2k ¼ ½nx ny 0
T ð29Þ
m ¼ h1 þ h2kh1 þ h2k ¼ ½mx my 0
T ð30Þ
Consider the projections of the angular momentum of the
spacecraft onto n and m:
nTJx ¼ v1; mTJx ¼ v2 ð31Þ
i.e.,
nx ny
mx my
 
J1x1
J2x2
 
¼ v1
v2
 
ð32Þ
Noting Jx= (h1 + h2), it follows from Eqs. (29) and (31)
that v1 = 0. Then, from Eq. (32) we can obtain
xi ¼ aiv2; ði ¼ 1; 2Þ ð33Þ
where a1 = mx/J1 and a2 = my/J2.Fig. 4 Unit vectors n and m.Deﬁne a Lyapunov function representing the attitude error
as
V ¼ q21 þ q22 þ q23 ð34Þ
Considering Eqs. (16) and (33), the time derivative of V can be
calculated as
_V ¼ qsðq1x1 þ q2x2Þ ¼ qsðq1a1 þ q2a2Þv2 ð35Þ
To minimize the attitude error, we can take the desired v2 as
v2d ¼ kvðq1a1 þ q2a2Þ ð36Þ
where kv is a positive constants. Then we have _V 6 0, implying
the attitude error will decrease monotonically when the control
law represented by Eq. (36) is utilized during the steady state.
Therefore, once the control algorithm is switched to the steady
state control law, it will not be switched back to the attitude
stabilization control law. Thus, smooth gimbal rates and a
small attitude error during the steady state are guaranteed by
Eq. (36), although it cannot lead to asymptotic stabilization
of the spacecraft attitude. The tracking law can be chosen as
_v2 ¼ kdðv2d  v2Þ ð37Þ
where kd is a positive constants.
On the other hand, from Eqs. (14) and (30) we obtain
v2 ¼ h0mTðs1 þ s2Þ ð38Þ
and
_v2 ¼ h0mTðt1 _d1 þ t2 _d2Þ ¼ h0 mTD _d ð39Þ
where m ¼ ½mx myT. There are inﬁnite solutions of _d for Eq.
(39) if mTD–0, and the minimum norm solution can be ex-
pressed by the Moore–Penrose generalized inverse as
_d ¼ D
T m
h0 mTDD
T m
_v2 ð40Þ
To avoid the discontinuity produced by mTD! 0, Eq. (40) is
modiﬁed to
_d ¼ D
T m
h0 mTDD
T mþ e _v2 ð41Þ
where e is a small positive value.
In practical implementation, a switching index Sw as a
function of q and x, and a positive threshold S0 are speci-
ﬁed ﬁrst. The FASCL and the SVD steering logic are uti-
lized if SwP S0; otherwise, the SSCL is employed if
Sw < S0. Therefore, the quiver of the commanded gimbal
rates and the attitude error during the steady state is wiped
out at the cost of a discontinuous point in gimbal rates at
the switching point Sw = S0.
5. Numerical simulation
Assume the inertial matrix of a spacecraft-SGCMGs system is
J= diag(100,100,50) kgÆm2 and the angular momentum of
each SGCMG is h0 = 50 NÆmÆs. The initial conditions for atti-
tude stabilization are
s10 ¼ s20 ¼ ½1 0 0T; t10 ¼ t20 ¼ ½0 1 0T;
dð0Þ ¼ ½0 p=2T rad; qð0Þ ¼ ½1 3  2T;
xð0Þ ¼ ½0:5  0:5 0T rad=s
Fig. 5 Time response of attitude parameters without SSCL.
Fig. 6 Time response of angular velocities without SSCL.
Fig. 7 Time response of gimbal rates of SGCMGs without
SSCL.
Fig. 8 Time response of index of singularity without SSCL.
Fig. 9 Time response of attitude parameters with SSCL.
Fig. 10 Time response of angular velocities with SSCL.
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The ﬁrst is the FASCL and the SVD steering logic with control
gains:
k ¼ 0:1 rad=s; g ¼ 0:21 rad=s; a ¼ 1; k1 ¼ k2 ¼ 1 s1;
kD ¼ 1 105; D0 ¼ 0:001
The second is the FASCL, the SVD steering logic, and the
SSCL with
kv ¼ 0:1 kg2 m4  s1; kd ¼ 50 s1; e ¼ 1 108 N m  sThe switching index Sw can be chosen as
Sw ¼ qTqþ kwxTx ð42Þ
where kw = 1 (rad/s)
2 and the threshold S0 = 1 · 106.
Figs. 5–8 demonstrate the simulation results without the
SSCL, while Figs. 9–12 demonstrate the simulation results
with the SSCL.
Fig. 8 shows that the singularity index converges to a small
value near zero, implying that the SGCMGs approach singu-
larity. This induces frequent switches between the FASCL
and the SVD steering logic, stimulating sudden quiver of
Fig. 12 Time response of index of singularity with SSCL.
Fig. 11 Time response of gimbal rates of SGCMGs with SSCL.
Local controllability and stabilization of spacecraft attitude by two single-gimbal control moment gyros 1225gimbal rates during the steady state as shown in Fig. 7. As a
result, quivers are also activated in the steady state attitude
and angular velocity responses as shown in Figs. 5 and 6.
Therefore, the control performance of the FASCL is degraded.
When the FASCL, the SVD steering logic, and the SSCL
are utilized, the SGCMGs also approach singularity during
the steady state as indicated by the small singularity index dur-
ing the steady state in Fig. 12. However, Fig. 11 shows that
thanks to the SSCL, the commanded gimbal rates are smooth
during the steady state except for a discontinuous point of
small amplitude after 50 s; the quivers in Fig. 7 are extin-
guished here and the gimbal rates remain small near zero. Con-
sequently, the performances of the attitude and angular
velocity responses during the steady state are reﬁned as shown
in Figs. 9 and 10.
6. Conclusions
(1) With the angular momentum of the SGCMG array
being treated as input, the conditions for STLC of a
spacecraft using two non-coaxial SGCMGs are given.
Moreover, these results indicate that under the zero-
momentum restriction, full attitude stabilization is pos-
sible for a spacecraft using two non-coaxial SGCMGs.
(2) The STLC property of spacecraft attitude in case of two
coaxial SGCMGs cannot be fully determined. Even so,
in this case a SSCL is proposed together with a previousattitude stabilization control law to detumble and reori-
entate the spacecraft attitude. The SSCL overcomes the
singularity of SGCMGs during the steady state and
enhance the steady state performance.
(3) Effectiveness of the control algorithm is veriﬁed by
numerical simulations. Although the stabilization law
in this paper focuses on the case of two coaxially
arranged SGCMGs, full attitude stabilization of space-
craft attitude using two non-coaxial SGCMGs is also
conﬁrmed theoretically to be attainable. Therefore,
future research includes full attitude stabilization con-
trol by two non-coaxial SGCMGs.Acknowledgment
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Appendix A. Noting that H2, a bounded subset of R
3, is com-
pact, it follows from Lemma 3.3 in Ref. 14 that the maximum
Euclidean norm of the vectors in conv(H2) equals that in H2.
Then consider the square of the norm of u 2 H2:kðd1; d2Þ ¼ uTu
¼ h0ð2þ 2 cos d1 cos d2 þ 2 sin d1 sin d2 cos bÞ
ðA1Þ
Let the ﬁrst-order partial derivatives of k equal zero:
@k=@d1 ¼ 2 cos d1 sin d2 cos b 2 sin d1 cos d2 ¼ 0
@k=@d2 ¼ 2 sin d1 cos d2 cos b 2 cos d1 sin d2 ¼ 0

ðA2Þ
Noting 0 < b< p, 0 6 d1 < 2p, and 0 6 d2 < 2p, eight pairs
of (d1,d2) can be solved out from Eq. (A2). However, direct
computation shows that k ¼ 4h20 is maximum only when
(d1,d2) equals (0,0) or (p,p). Further computation shows
Hkð0; 0Þ ¼ 2 2 cos b
2 cos b 2
 
ðA3Þ
where Hk, the Hessian of k, is negative-deﬁnite at (0,0). Hence
kð0; 0Þ ¼ 4h20 is one maxima of Eq. (A1). Similar computation
shows that Hk is also negative-deﬁnite at (p,p). Therefore, the
maximum norm of u 2 H2 is g= 2h0, which is also the maxi-
mum norm of the vectors in conv(H2).
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